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Abstract 

In this paper, we develop the theory of Jacobian rings of open complete intersections, which mean a 
pair {X, Z) where X is a smooth complete intersection in the projective space and and Z is a simple 
normal crossing divisor in X whose irreducible components are smooth hypersurface sections on X . Our 
Jacobian rings give an algebraic description of the cohomology of the open complement X ^ Z and it 
is a natural generalization of the Poincare residue representation of the cohomology of a hypersurface 
originally invented by Griffiths. The main results generalize the Macaulay's duality theorem and the 
Donagi's symmetrizer lemma for usual Jacobian rings for hypersurfaces. A feature that distinguishes our 
generalized Jacobian rings from usual ones is that there are instances where duality fails to be perfect 
while the defect can be controlled explicitly by using the defining equations of Z in X. Two applications 
of the main results are given: One is the infinitesimal Torelli problem for open complete intersections. 
Another is an explicit bound for Nori's connectivity in case of complete intersections. The results have 
been applied also to study of algebraic cycles in several other works. 
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§0. Introduction. 

The purpose of this paper is to develope the theory of Jacobian rings of open complete intersections. 
Here, by "open complete intersection" we mean a pair {X, Z = U Zj) where A is a smooth complete 

l<j<s 

intersection in P" and Zj C A is a smooth hypersurface section such that Z is a simple normal crossing 
divisor in X. Our Jacobian rings give an algebraic description of the cohomology oi X \ Z and it 
is a natural generalization of the Poincare residue representation of the cohomology of a hypersurface 
that played a significant role in the work of Griffiths [Gri]. The fundamental results on the generalized 
Jacobian rings have been stated without proof in [AS] where it is applied to the Beilinson's Hodge and 
Tate conjecture for open complete intersections (see [A], [MSS] and [SaS] for other apphcations of the 
generalized Jacobian rings). The main results are stated in §1. The proofs occupying §2 through §7 are 
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based on the basic techniques in computations of Koszul cohomology developed by M. Green ([Gl] and 
[G2]). Two apphcations of the resuhs in §1 are given in §8 and §9. 

In §8 we study the infinitesimal Torelli problem for open complete intersection {X, Z) as an application 
of the duality theorem for the generalized Jacobian rings. It concerns the injectivity of the following map 

H\X,Txi-logZ)) ^ Hom(iJ— «(X,f^«,(logZ)),ir— «+i(X,f^«,-i(log2-))) 

1 < g < rn 

induced by the cup product and the contraction r2|, (log Z)(8)rx(— log — > r2^^(logZ). Here fi^, (log ,Z) 
is the sheaf of differential g- forms on X with logarithmic poles along Z and Tx{— logZ) is the O^-dual 
of n^(logZ). We show that the map is injective under a mild numerical assumption. Since the above 
map is interpreted as the derivative of the period map from an appropriate moduli space of isomorphism 
classes of pairs {X,Z) to the period domain (cf. [U2]), it implies that the mixed Hodge structure on 
H'^{X \ Z,Q) determines {X, Z) up to isomorphisms locally on the moduli space. It is a generalization 
of the infinitesimal Torelli for hypersurfaces due to Griffiths [Gri] and for complete intersections due to 
Peters [P] and Usui [Ul]. 

In §9 we prove the following result as an application of the symmetrizer lemma for the generalized 
Jacobian rings. We fix integers r,s > 1 and di, . . . , rf^, ei, . . . , Cg > 1. Let 5 be a non-singular afRne 
variety over C and assume that we are given schemes over S 

¥'^^X^Z= U Zj, 

l<j<s 

whose fibers are open complete intersections. Assume that the fibers of X / S are smooth complete 
intersection of multi-degree {di, . . . ,dr) in P" and that those of Zj C Af are smooth hypersurface section 

of degree ej. Write U = X \ Z. We will introduce an invariant cs{X, Z) that measures the "generality" 
of the family (0-1), or how many independent parameters S contains. 

Theorem(O-l). Assuming n — r>2, we have 

pt-n+r+ijjt^pi^ C) = if s<n-r + 2 and d^i^r >t + r + l + cs{X,Z), 
pt_ri+r+ijjtf^p^^ Z^O = Q ifs = l and Jminr + ei>t + r + l + cs{X, Z). 

where d^^n = min {di,ej} and F* denotes the Hodge filtration defined in [DI] and [D2]. 

l<z<r,l<j<s 

The second vanishing of Th.(O-l) gives an explicit bound for Nori's connectivity [N] in case of com- 
plete intersections in the projective space. Nagel [Na2] has obtain similar degree bounds for complete 
intersections in a general projective smooth variety. 



(0-1) 



§1. Jacobian rings for open complete intersections. 

Throughout the whole paper, we fix integers r, s > with r+s > 1, n > 2 and di, • • • , d^, ei, • • • ,65 > 1. 
We put 

r s 

d = y^ di, e = Cj, (5min = min {di, ej}, dmax = max {di}, Cmax = max {e^}. 

^ * ' ' l<i<r l<i<r l^J^s 

We also fix a field k of characteristic zciro. Let P = k[Xo, . . . , Xn] be the polynomial ring over /c in n + 1 
variables. Denote by P' C .P the subspace of the homogeneous polynomials of degree I. Let A be a 
polynomial ring over P with indeterminants /xi, • • • ,iJ,r, Ai, • • • , A^. We use the multi- index notation 

fxs^ = Ij'^' . . . and A^ = AJi---A^ ioi a = {ai,- ■ ■ ,ar) €Z%, b = {h,- ■ ■ ,bs) 
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For g G Z and I & 'L,-we write 

r s r s 

^+^=1 i=i j=i i=i j=i 

By convention Aq{£) = if q < 0. 

Definition(l-l). For F = (Fi,--- ,Fr), G = (Gi,-- - ,G^) with Fi G P''-, G P^^ we define the 
Jacobian ideal J{F_, G) to be the ideal of A generated by 

E aXfe^^' {^<i<r,l<j<s,0<k<n). 

l<i<.r l^i^s 

The quotient ring B = B{F,G) = A/J{F,G) is called the Jacobian ring of (P,G). We denote 

B,{e) = BS){F,G) = A,{e)/A,{£) n J{F,G). 

Definition(l-2). Suppose n > r + 1. Let P" = Proj P be the projective space over k. Let X C P" be 
defined by Pi = • • • = = and let Zj C X he defined by Gj = Fi = • • • = F^ = for 1 < j < s. We 
also call B{F^,G) the Jacobian ring of the pair {X, Z = L)i<j<sZj) and denote B{Fl,G) = B{X, Z) and 
J{F,G) = J{X,Z). 

In what follows we fix F and G as Def.(l-l) and assume the condition 

(1-1) Fi = (1 < i < r) and Gj = (1 < i < s) intersect transversally in P". 

We mension three main theorems. The first main theorem concerns with the geometric meaning of 
Jacobian rings. 

Theorem(I). Suppose n > r + 1. Let X and Z he as Definition (1-2). 
(1) For intergers < q < n — r and £>0 there is a natural isomorphism 

: Bg{d + e-n-l+£)^m{X,n'^-''-''{\ogZ){£))prim. 

Here O^(logZ) is the sheaf of algebraic differential q-forms on X with logarithmic poles along Z and 
'prim ' means the primitive part: 



i?«(X,0^(logZ)(£)) 



j Cokcr(i7«(P",f7«„) ifq=pands = £ = 0, 

I f^^(log Z){£)) otherwise. 



(2) There is a natural map 

^x,z : B,{0) H\X,Tx{- log Z)Ug C H\X,Tx{- log Z)) 

which is an isomorphism if dim{X) > 2. Here Tx{—logZ) is the Ox -dual of Slx{logZ) and the group 
on the right hand side is defined in Def.(l-3) below. The following map 

H\X,Tx{-\ogZ))®H\X,^^^{\ogZ)) Hi+\X,nP-\logZ)). 

induced by the cup-product and the contraction Tx{—logZ) (g) i}'^{logZ) r2^^(logZ) is compatible 
through tpx,z with the ring multiplication up to scalar. 

Roughly speaking, the generalized Jacobian rings describe the infinitesimal part of the Hodge struc- 
tures of open variety X \ Z, and the cup-product with Kodaira-Spencer class coincides with the ring 
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multiplication up to non-zero scalar. This result was originally invented by P. Griffiths in case of hyper- 
surfaces and generalized to complete intersections by Konno [K]. Our result is a further generalization. 

Definition(l-3). Let the assumption be as in Th.(I). We define H^{X,Tx{—\ogZ))aig to he the kernel 
of the composite map 

H\X,Tx{-logZ)) ^ H\X,Tx) ^ H^{X,Ox), 

where the second map is induced by the cup product with the class Ci(Ox(l)) G H^{X,Ctx) ^'^'^ 
contraction Tx ® i^x ■ It can be seen that 



dimk{H\X, Tx{- log Z))/H\X,Tx{- log Z)Ug) 



1 if X is a K3 surface, 
otherwise. 



The second main theorem is the duality theorem for the generalized Jacobian rings. 
Theorem(II). (1) There is a natural map (called the trace map) 

T : Bn-r{2{d -n-l)+e)^k. 

Let 

hp{£) : Bp{d -n-l + i)^ B„_r_p(d + e-n-l-£)* 
be the map induced by the following pairing induced by the multiplication 

Bp{d -n-l+£)^ Bn-r-p{d + e-n-l-e)^ B„_r(2(d - n - 1) + e) fc. 

When r > n we define hp{£) to be the zero m,ap by convention. 

(2) The map hp{£) is an isomorphism in either of the following cases. 

(i) s > 1 and p <n — r and i < Cmax- 

(ii) s > 1 and < ^ < Cmax and r + s < n. 
(Hi) s ~ £ — and either n — r > 1 or n — r = p — 0. 

(3) The map hn-r{£) is injective if s > 1 and £ < e-max- 
We have the following auxiliary result on the duality. 

Theorem(II'). Assume n — r > 1 and consider the composite map 

rjx,z : //°(X,nr'"(log^))^^^^Bo(d + e-n-l)^^i^^B„_,(d-n-l)* 
where the second map is the dual of hn-r{0)- Then r]x,z is surjective and we have (cf. Def.(l-4) below) 

Ker(r/x,z) = Ar''(Gi,...,G,). 



Definition(l-4). Let Gi, . . . ,Gs be as in Def.(l-l) and let Yj C P" be the smooth hypersurface defined by 
Gj =0. Let X c P" 6e a smooth projective variety such that Yj (1 < j < s) and X intersect transver sally. 
Put Zj = Xf\Yj. Take an integer q with < q < s — 1. For integers 1 < ji < ■ • ■ < jq+i < s, let 

ojxUi, . . . e H°{X, fl!,(logZ)) {Z = E Zj) 

1<J<S 

be the restriction of 

E(-l)''-^e,.^ A ... A ^ A ... A ^ e H\F-,nUlogY)) 
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where Y = S F,- c P". W^e let 

l<j<s 

be the subspace generated by u>x{ji, ■ ■ ■ ,jq+i)- For 1 < ji < ■ ■ ■ < jq < s — 1 we have 

es • ivxin, . . . , j„ s) = ^ A • • • A ^ with gj = {Gf/Gt^)\x G r([/, 0*u) {U = X\Z) 
9h 9j„ 

and uix{ji, ■ ■ ■ ,jq, s) with l<ji<---<jq<s — 1 form a basis of A^(Gi, . . . , Gs)- 

Our last main theorem is the generalization of Donagi's symmetrizer lemma [Do] (see also [DG], [Nal] 
and [N]) to the case of open complete intersections at higher degrees. 

Theorem(III). Assume s > 1. Let V C -Bi(O) is a subspace of codimension c > 0. Then the Koszul 

complex 

Bp{£) (g) ''aW Bp+i{e) (giAV ^ Bp+2{i) (S) W 

is exact if one of the following conditions is satisfied. 
(i) p > 0, q = and SminP + i> c. 

{ii) p > 0, 5 = 1 and SminP + i>l + c and Sminip + 1) + ^ > dmax + c. 

{Hi) p>0, Sniin{r +p)+£>d + q + c, d + Cmax — n— l>i>d — n— 1 and either r + s <n + 2 or 
p < n — r — [q/2], where [*] denotes the Gaussian symbol. 

Remark( 1-1 ). In case (j>2. £ = d — n— l,r + s>n + 2 and p = n — r — \, the complex in Th.(III) is 
not injective but the cohomology is controlled by motivic elements. We shall study it in a future paper. 

§2. Green's Jacobian rings 

Let the notation be as §1. In this section we study our Jacobian rings by using the method in [G2] 
and [G3] . We write 

£ = So®£i with £o= ® 0{di) and = © Oiej) 

i=l j = l 

where we denote O = Opn. We consider the projective space bundle 

TT : P := F{£) — >■ P". 
We let £ = Op(£)(l), the tautological line bundle. We let 

Mi e i?°(P,£®7r*0(-d,)) and A^- G i?°(P, £ 7r*0(-ej)) 
be the global section associated respectively to the effective divisors 

P( e 0{da) e £i) ^ ^{£) and P(£:o e e ©(e^)) ^ P(f ). 

Further we fix a global section 

r s 

(2-1) a = ^ F,^xi + GjXj e H^iF, £), 

and put 

Qi : Ati = C P, Pj : Aj = C P, Z : cr = C P, 
Xi:Fi=Oc P", Yj ■.Gj = OC P". 
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We assume that 
(2-2) 



[J XiU 1^ Yj- C P" is a simple normal crossing divisor 

l<i<r l^J^s 



that implies that ^ is a nonsingular divisor in P. We will use the following divisors on 

Q*= ^ Qi and P* = X) 

l<j<s 



l<i<r 



The following facts arc well-known. 

Lemma(2-1). Put t = r + s. 

(1) We have the isomorphisms 

(2) We have the isomorphisms 

i?«(P,£'^(8>7r*V) ~ < 



det£* ®S-''-\£*) 




ifi,>0,i = 

if v < —t, i = t — 1 

otherwise 



jjq-t+i^^n^ S—\£*) ^ detf * <S)V) ifv<-t 

if-t+l<v<-l 



where V is a vector bundle on P" . 
(3) We have the commutative diagram with the exact horizontal sequences (called the Euler sequences) 











Or 



Of 



Op 



T^*£^®C®0®' 







Tp/pn(-l0gP*) 



Tp/p„(-logP* +Q*) > 0, 



where the middle vertical maps are given by the global sections 

IJ,i e H°{¥, C (g) 7r*0(-di)) and Xj G H°{¥, C O n*0{-ej)). 

We introduce the sheaf of differential operators of £ of order < 1 as follows: 

S£ T)iff^\C) = {P& £ndk{C) ; Pf - fP is Op-linear (/ e Or)} 

By definition it admits the following exact sequence 

(2-3) — >Or — > S£ — > Tp — > 

with the extension class 

-ci(£) e Ext^(Tp,e'p) ~ Ext^(Op,nJ.(g)Op) ~ H\¥,n^). 
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Letting U c P" be an affine subspace and x\, - ■■ ,a;„ be its coordinate, r{-K ^{U), S/;) is generated by 
the following sections 



d d d d 9 
■K—, ^i^i — : — : Op-hnear maps. 

OXi ^l^j ^l^j 



(2-4) 

The section a defines a map 

which is surjective by the assumption (2-2) and it gives rise to the exact sequence 



(2-5) 







0. 



Definition(2-l). We define 

E£(-logP,) C E£ and E£(- logP* + Q*) C 

to be the inverse image o/rp(— logP*) and Tp(— logP* +Q*) respectively via the map in (2-3). 

By the assumption (2-2) restricted on E£(— logP* + Q*) is surjective so that (2-5) gives rise to 
the following commutative diagram of the exact sequences 



^ Tp(-logZ) 



(2-6) 



Tp(-log2-t-P*) 



> Tp(-logZ + P, +Q*) 



E£(-logP.) 



E£(-logP. + Q.) 







0. 



On the other hand (2-3) and the Euler sequences give rise to the following commutative diagram of the 
exact sequences 







(2-7) 



Of 



r+s 



E£(-logP,) 



E£(-logP*+Q*) 



7r*Tp' 



7r*Tp» 



7r*Tpn 







Here l is the sum of the maps C ® n*0{—di) E^ and £ (S> n*0{—ej) T,c given by 

eif°(P,£-i(8>7r*0(di)OE£) and — G i?°(P, 7r*C»(ej) <8) E/;) 

OA-j 



respectively. The left vertical maps are given by the global sections 

m G i?°(P,£(g)7r*e'(-rfi)) and A^- G H°{f,C®TT*0{-ej)). 
The following lemma is straightforward from the definition. 

Lemma(2-2). For integers C. and q, we have 

Ag{i) = H^C" ® n*0{£)) and Bq{£) = Ag{e)/J{Ec{- logP.)). 
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where J(S£(— logP*)) C Ag{£) is the image of the map 

j{a) 1 : logP*) O Tr*0{e)) H'^iC (g) Tr*0{e)). 

We define the sheaf of differential operators of £ of order < 1 as follows: 

:= Viff ^\£) = {P e £ndk{£) ; Pf - fP is Opn-linear (/ G Opn)} 



which admits the exact sequence 

— >£(l)£* 



£(E)£*(E>Tp 



0. 



We define to be the inverse image of Tpn ~ Op^ ® Tp™ ^ £ ® £* <S) Tp-n where Opn 
diagonal embedding. By definition we have the exact sequence 



£(E)£* is the 







£(^£* 



0. 



Lemma(2-3). We have the isomorphism 7r*I]£ Sf . 

Proof. It is easy to see that the image of the natural map 7r,S£ — > is contained in the sheaf T,£. Since 
the sheaf 7r*E£ is generated by the sections (2-4), it is surjective. Due to the exact sequences 

— > Opn — > 7r,S£ — > TT^Tp — > 0, 

> TT^Tp/pn > TT^Tp > Tpn — > 0, 

— > Op- — > 5 5* — > 7rH.rp/p„ — > 0, 

we can see that tt^S^ is a locally free sheaf of rank n + (r + s)^, which is the same as the one of T,£. Thus 
the surjective map tt^S^ — > Eg is also injective. □ 

Definition(3-3). Define 

= 7r*E£(-logP*) C Ef, and E^" = 7r*S£(- logP* + Q*) C Sf. 

By (2-7) we have the commutative diagram of the exact sequences 

> £®£* > T,£ > Tpn > 



(2-8) 







We have the global section 



Ego 



Tw>n 



a' = = {F„Gj)i<i<r,i<j<s G H\£) = © H\0{d^)) © © H\0{ej)). 

l<i<r l^J^s 

It induces the surjective map 

(2-9) j{a'):YPs^£, P ^ P{a') 

that by (2-8) induces the exact sequence 

(2-10) Tpn (- log X, + Y,)^ Ego £^0. 

where X* = Ei<j<s and = T,i<j<s with X, : i^i = C P" and Y, : = C P". 
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§3. Proof of Theorem (I) 

In this section we complete the proof of Thoerem(I). First we prove the foUowing. 

Theorem(3-l). Let the assumption be as in Theorem(I). For integers q,£ with < q < n — r and £ > 
there is a natural isomorphism 

We start with the following lemma. 
Lemma(3-1). Let q>0 and £ be integers. Assuming £ > — d — e, there is a natural isomorphism 

<f>g{e):Ag{d + e-n-l + £)/JO:f)^H''{¥'',n^-''{logX,+Y,){£)). 
where C Aq{d + e — n — 1 + £) is the image of the map (of. (2-9)) 

j{a')®l:H\Y.f®S''-\£)®0{£))^H\S\£)®0{£)))=Aq{d + e-n-l + £). 
Proof. (2-10) gives rise to the following exact sequence 

^ fi^-^Oogx, + Y,){£) ^ h:f e>(d + e - n - 1 + ^ • • • 

^ llf ® S''-\£) O e>(d + e - n - 1 + ^) ^ ) O e>(d + e - n - 1 + ^) ^ 0. 
Thus we have the natural map 

Agid + e-n-l+ £)/J{Y.f) i/«(r!;-«(logX, + ¥,){£)). 
In order to show that this is an isomorphism, it suffices to show the following: 

H\Ai:f O S''-''{£) ^O{d + e-n-l + £)) = 0, for 1 < 6 < 

ijf'-i(AS^° ® S'«-^(£:) ® 0(d + e - n - 1 + ^)) = 0, for 2 < 6 < g. 
By the bottom sequence of (2-8) we have a decreasing filtration F on AE^^ such that 

Gr^(AS^°) = ^ATrn = il^-^+^in + 1) (0 < < b). 

Thus the above vanishing follows from the Bott vanishing theorem. □ 

Now Th.(3-1) follows from the following two lemmas. Recall the assumption (2-2). 

Lemma(3-2). Assume £>0. Let J{^c{- logP*)) C ^^(d + e-n-l + £) be defined as Lem.(2-2). Its 
image via (j)q{£) coincides with the image of 

iJ«(P",i7;j-«(iogxi") +y*)(£)) ^ ir«(P",i7^-«(iogx, + y,)(£)). 

l<a<r 

where xi"' = ^ Xj. 

l<i<r 

Lemma(3-3). Suppose n > r + 1 and put X = XiH- • ■ HX^ andZj=XnYj. By the assumption (2-2) 
X c P" is a nonsingular complete intersection of codimension r and Z = Si<j<sZj is a normal crossing 
divisor in X. Let r < a <n and £>Q. Then the sequence 

if"-"(Og„(logXi"^ + ¥,){£)) ^ if"-°(0?41ogX, + ¥,){£)) ^ if"-"(07'-(logZ)(£))prim ^ 

l<a<r 
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is exact where the last map is the composite of the successive residue maps along Xi {1 < i <r). 

Proof of Lem.(3-2) First we claim that we may show Lem.(3-2) replacing i79(n^-«(logXi"^ + n)(^)) 
with i7'?(f2p^'(logX* The claim follows from the general lemma (3-4) below. The exact 

sequence 

^ 0;-«(logX, + Y,){-X^){t) ^ hlf e)(d + e - n - ^ • • • 

^ T.f O S'i-^{£) (g) e>(d + e - n - ^ 0(d + e - n - 1){-X^){1) 

gives rise to a commutative diagram 

H%S'i{£)<^0{d + e-n-l + i){-X„)) if9(n;-«(logX, + 

-1 1 

^(d + e-n-l + £) H'i{a^-\\ogX,+Y^){t)). 
Thus it suffices to show 

(*) J(S£(-logP*)) = J(SOO)+ Im(Fa)c^g(d + e-n-l + £) 

\<a<r 

and that r' is surjective. By (2-7) (*) holds if we replace Ji^^^) by 

J(I]£(- logP* + Q,)) := Im(irO(5]£(- logP, + Q) ® ® 7r*0(£')) -ff°(^' 7r*0(£'))) 

with (' = d + e - n - I + 1. Therefore it suffices to show J(Sg°) = J(E£(- logP* + Q*)) that follows 
from the isomorphism 

7r*S£(- logP* + Q*) ® 7r,£« ^ 7r4E£(- logP* + Q,) £''), 

which follows from (2-7). To show the surjectivity of r', it suffices to show that 

H^AEf (S> S'^-^{£) (g) 0(d + e - n - 1)(-X„)(£)) =0 for 1 < 6 < g. 

This follows from the Bott vanishing theorem by the same argument as the proof of Lem.(3-1) using 

(2-8). □ 

Proof of Lem.(3-3) We can directly check the exactness of the following sequence 

(3-1) o^o?n(iogn)^ — > e ^^(logxi"'^^ +n) ^ 

l<a</3<r 

^ ® (log x'f^ + n) ^ n^n (log X, + n) ^ fi^-''(iog Z) ^ 0, 

l<a<r 

where xi"''' = ^ i^<j ,3 and so on. Thus the desired assertion follows from the following general 

l<i<s 

lemma. 

Lemma(3-4). Let the notaion and the assumption be as Def.(l-2) and let d = dim(X). 

(1) Ifa + by^dimX and a > 1 ande>0, H ''{X,^''^ {log Z ){£)) = 0- 

(2) For 1 < a < r and a > 1 the natural map 

if'*(X,fl^-"(l0gZ)(-Z„)(£)) ^ ir'^(X,l^^-»(logZ("))(£))prim 

is surjective where Z^"^ = ^ Zj. 

\<3<s 
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Proof. First wc note that H°-{X, ri5s:(^))pi "« = if a + 6 7^ dimX anda > 1 and £ >Q. This is well-known 
fact on cohomoology of smooth complete intersections. We also note that the case 6 = of Lem.(3-4)(1) 
is true by the same reason. Assuming 6 > 1 we have the exact sequence 

//'^(X,175,(logZ«)(£))^if"(X,fi5,(logZ)(£))^iJ'^(Zi,Jl^;i(logT^«)(£)) (l^«= ^^^^3) 

2<j<s 

By induction on s and b we are reduced to the case dim(X) = 1. In this case we have only to consider 
H^{X, Q^{\og Z){£))prim which we easily see vanishes. This completes the proof of Lem. (3-4) (1). Lem.(3- 
4) (2) follows from (1) in view of the exact sequence 

^ l^^(logZ)(-Z„) ^ r!5,(logZ(")) ^ r!|jlogVF(")) ^ = ^ Z„ n Zj) 

1<J<S 

□ 



Next we show Theorem(I)(2), namely the follwoing statement. 
Lemma(3-5). Let the assumption be as Lem. (3-2). There is a natural map 

BM ^ H\X,Tx{- log Z))aig 

which is an isomorphism i/dim(X) > 2. 

Proof. The section {Fi,Gj)i<i<r,i<j<s G H°{£) (cf. (2-1)) defines the surjective map 

{Ix denotes the ideal sheaf of X) and the map (We denote O = Opr. ) 

j2:0®'—y£, e, = (0,--- ,0)^5,j?i (1 < J < s) 

Here (rcsp. rjj) is a local frame of 0{di) (rcsp. 0{ej)) and S/,;^, + T^g/rij is the local description of the 
image of J2l=i -^iA*i + Sj=i ^j^j ^ H^{V{£), C) under the isomorphism 

/f°(P,£) ~iI°(P",f) = eiI°(P",e)(rfi))© ©lf°(P",0(e,)). 

Put 

/ = Im(ji + j2 : (£0 O®' £), 

which is generated by local sections 

fi^i', fiVj, 9jVj (!<«,«'<?■, 1 < i < s). 
We have the following commutative diagram (cf. (2-8) and (2-9)) 
















i 


i 


i 


— 


^ L — > 


K — > 


T 




i 


i 


i 





> £S<E)£®0®' — > 








I h + J2 




J. h 


II — 


> 7 — > 


£ 


£/I 




i 


i 


i 
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The map js in the above diagram can be written as follows: 

i=l i=l 

and it is easy to see that this implies the following exact sequence 

(3-3) ^ ® Tp. ^ T Tx{- logZ) 0. 

We get the map 

Bi(0) = Coker(iJ°(P,S£(-logP,) — > H" {¥,£)) 

~ Coker(/f°(P", E^) — > if°(P",£)) 

if^(P", Jf) (from the middle vertical sequence in (3-2)) 
iJ-i(P", T) (from the top horizontal sequence in (3-2)) 

^ ifi(X,Tx(-logZ)) (from (3-3)) 

Thus Lem.(3-5) follows from the following. 
Lemma(3-6). Assume dim(X) = n — r > 2 and n > 3. 

(1) i/Hs^)-o. 

(2) H^L)=H^{L)^0. 

(3) ifi(^x«)Tp.) =0. 

(4) Ker(iJi(rx(-logZ)) ^ H\lx®Tvr.)) = H\Tx {- log Z))aig where 5 is induced by (3-3). 

Proof. (1) follows from (2-8) and the Bott vanishing. To show (2) we consider the following commutative 
diagram 



— > Li — > L — > L2 — >0 

— > S^®£ — ^ £^®£®0®' — > O®' — >0 

i h i h + h i 32 

— > Ix®£ — > £ — ^ £®Ox — >0 

i 


where j'^ : Cfe 1 — > Qk'^k mod Ix (1 < < s)- Therefore we have L-i = Ker(j2) = -f®*- From the Koszul 
exact sequence 

^ A^o* ^ > Afo* £0 ^Ix^O, 

we can see that Lj has the following resolution. 

(Afo*)®' > £0®" ^ L2 ^ 0, 

— >A£o(gi£ — > yA£o(gi£ — > Li — > 0. 

Therefore (2) follows from the Bott vanishing. (3) is an easy consequence of the Euler exact sequence 
(3-4) ^ Orn ^ Opu (l)®"+i ^ Tpn ^ 0. 

Finally we see easily that (4) is reduced to prove 

(*) Kev{H\X,Tx) ^ H\lx®Tr^)) = Ker{H\X,Tx) ^ H^{X,Ox)), 
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where Si is induced by the exact sequence 

— > 7x Tpn — >T' — >Tx — > with T' = Ker(Tpn ^ £o O Ox) 
and 62 is the map in Def.(l-3). By the commutative diagram 



1 i 

— > Ix^Tpn — >■ T' — >■ Tx — >0 

II i 

>■ Ix^Tpn > Tpn > Tpn Ox > 

i i 

f Ox = So® Ox 
i i 


and the fact H'^{Tpn) = 0, we may prove (*) after replacing the left hand side with the kernel of 

H^{X,Tx) ^ H^{Tp^ ® Ox)- (3-4) induces the boundary map H^{Tvr. ® Ox) ^ H^{Ox) which is 
injective. We see that the composite of i and ^3 coincides with the map in Def.(l-3) by noting that the 
extension class of (3-4) is given by ci(Opn(l)) e H^{Q^n)- This completes the proof. □ 



§4. A VANISHING LEMMA 

The following result is the technical heart of the proof of Theorem(II) and (HI). For a vector bundle 
T* denote its dual. 

Theorem(4-l) (vanishing lemma). Assume s > 1. Let p, w, u, I he integers. Then 

i7"'(P, AE£(- logP,)* (^C ® 7r*C>(^)) = 

ij one of the following conditions is satisfied. We put m = n + r + s — 1 = dimP. 

(1) u; > 0, 1/ > -s + 1, £ > and {v, £) ^ (0, 0) 

(2) p — y <w <m and v < —1 

(3) ei = 62 = • • • = 65 and < w n and v > —s + 1 

(4) ei=e2 = -- - = es,0<w,u = £ = and p <n 

(5) p— i'<r + s — 1 and u < —1. 

(1) * w < m, v < —1, £ < e and (;y, £) ^ {—s,e) 

(2) * 0<w<p — u — s and v > —s + 1 

(3) * ei = 62 = • • • = Cs and m>w^r + s — 1 and u <Q 

(4) * 61 = 62 = • • • = Cs, ni > w, V = —s, £ = e and p>r + s 

(5) * p - 1/ > n + I and y > -s + 1. 

Proof. For simpHcity we put S = S£(— logP*). By the Euler exact sequence (cf. Lem.(2-1)(3)) we have 
the isomorphism 

(4-1) f^i/P„(logP*) {7T*£o ® £-') © 0®'-\ 

and we have 

(4-2) "a ^E* = det 0^(logP*) = O n*0{d - n - 1). 

Noting 

(4-3) Kp = det = Tr*{Kp^ ® det£) (g) C'"-' = (S> w*0{d + e - n - 1), 
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we have the Serre duality: 

i?'"(AS* ®r ® TT*0{i)Y ~ i7"-"'('"^A"V C-""-' ® 7r*0(e - (.)). 

Therefore the assertion (n) (1 < n < 5) is equivalent to (n)* and we only need to show (1),(2),(3),(4) 
and (5). By Def.(2-1) we have the exact sequence 

^ Op ^ S ^ Tr{- logP,) ^ 

that induces the exact sequence 

(4-4) ^ %{\og¥^) -> AE* ^^^(logP*) ^ 0. 

Moreover the exact sequence 

^ 7r*0jn ^ Oj(logP*) ^ f2j,/p„(logP*) ^ 
gives rise to a finite decreasing filtration F' on f2p(logP*) such that 

(4-5) Gr^(f]«(logP*)) = 7r*n?„ ® nl~;^{\og¥.) ~ V7r*f}?„ O [A7r*fo O 

where the second isomorphism follows from (4-1). Hence we obtain the spectral sequence 

(4-6) qEl'^ = Vi/'^+''(P,£"-' ® 7r*(ngn(£) O KEq))®^^-'--^) ^ if''+^(P, 0«(logP*) 7r*e»(£)) 

Noting that A^o = for i > r, Lem.(2-1)(2) implies 

i?«'(P, £''-*07r*(n?„(£) Afo)) 

i/"'(P", S"'-'(£:) f]?„(£) A£o) if > 

^^_t+i^p„^ ^_^+i_t^^*^ ^ ^ ^^^^^ - d - e)) iiv<i-t, 
ifi>rori — t<z/<i. 



(4-7) 

— < 



Here wc put t = r + s. By (4-6) and (4-4) the desired vanishing in cases (1), (2) and (5) follows from the 

following. 

Claim, (i) Under the assumption (1), qE^''' = if w = a + b > 0. 
{ii) Under the assumption (2), qE'^''' = ifw = a + b>0 and q < p. 
{Hi) Under the assumption (5), qE'^'^ = if q < p. 

First assume ly > —s+1. For i < r, v > i — t + 1. Hence the first assertion of the claim follows 
immediately from (4-7) and the Bott vanishing. Next assume (2) and q < p- We have u — i < i/ < —1 so 
that by (4-7) wc may assume v — i < —t. Hence a < q — i < p — i < p — v — t. By (4-7) and the Bott 
vanishing we get qE^' =^Qiip — v ~t < w — t+1 < n, that is, p — v < w < m. This completes the proof 
in case (2). Finally the assertion in case (5) follows from (4-7) by noting 0<i<g' — ain (4-6). 

Next we treat the (3). Assume i'> -s + 1. By (4-7) 



(4-8) qE^''' = Vif"+''(P", S-'-'iS) Og„(^) Afo)® 



q—a 

® J 

i=0 

By the Bott vanishing, gi?^'""" with < a < min{n, g'} are the only terms which are 

possibly non-zero. Therefore we have 

(i) qE^/ = qE-J iov any a,h. 

(ii) qE^-" = qE^"" and qE^-"'" = qE'^J'-'^ for a 7^ 0, n. 
{Hi) qE^'° ~ i?'^(P,ri«(logP*) Z:'' TT*0{e)) for a ^ 0,n. 
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Note that the boundary map coming from (4-4) 

da : if"-HP,f2r'(logP*) ® -C" ® 7r*0(^)) ^ //"(P, n?(logP*) ® 7r*0(£)) 
is induced by the cup product with the class 

c := ci(£)|p\p. G H^{^, fi^(logP*)) 
Claim. Assume ei = 62 = • • • = = e. Then the natural map 

injective and we have c = 7r*(ci(Op^(e))). 

We know that i?^(P, Oj,) is the direct sum of 7r*(i?^(P", Op„)) and the subspace spanned by ci{£). 
The kernel oiH^(V, fll) H^(F, f2i(logP*)) is generated by Ci(e»p(Pj)) for 1 < j < s. The claim follows 
from the fact £ (g) 7r*0(-ej) = Op(Pj). 

Prom the claim the map da and the maps 6 : p-i c a non-zero multiple of 

ci(Opn(e)), are compatible with respect to the spectral sequence (4-6). Thus we get the commutative 
diagram 

77.0,0 jT^lfi T7ira-1,0 TTin.O 

\ \ \ \ 

77.0,0 77.1,0 77.2,0 77.^-1,0 7-,n,0 

p-C'l — ^ — ^ P^l — ^ ■ ■ ■ — ^ p-'^l — * p-^^l 

where the horizontal arrows are the differentials in (4-6) and the slanting arrows are the above map 5. 
To show the desired vanishing in case (3), we need show that if w ^ 0, n then is surjective and dw+i 
is injective. Therfore it suffices to show the following 

Claim. The map S : p-iE^^^'^ p-Bi'° is an isomrophism for 2 < a < n — 1 and surjective for a = 1 
and injecctive for a = n. 

By (4-8), for a 7^ 0,n, we have the isomorphism 

gi;i"'°~ff«(P",og„)®'^. 

Here ^ is determined as follows, li q < a, ^ = 0. If q> a, writing 

V[5"-'(f ) A£o ® 0{i)f(o-~^-*) = ©0(4), 

i-O k 

we put (j) = #{fc|^fe = 0}. Thus, fixing v and £,</> = (j>{q — a) is a function of g — a. Note that even for 
a = or n, we have the injection if"(P", f7p„)®'^ ^ qE^'^ . Since i?'^-i(P", fl^-^) ^ iJ"(P",f]g„) is 
clearly an isomorphism, the claim is proven. 

p 

Finally we treat the case (4). By the vanishing lemma(3) it suffices to show fl'"(P, AS*) = 0. By (4-4) 
this is reduced to proving the following. 

(i) i?"(P,f]P-^(logP*)) = 0. 

(m) if"-i(P,n^"^(logP*)) = ^ fl'"(P,0^(logP*)) is surjective. 
As before we have the spectral sequence 

g£»'''^ff« + *(P,n«(10gP,)) 

where 



fja+b^pn^ f2°„)©(^a) if < a < min{g, n}, 
otherwise . 



Thus qEl''' = unless b = and the spectral sequence degenerates at E2. Now the assertion (i) follows 
from the fact that p-iE^''^ = by the assumption p < n. The assertion (ii) can be shown by the same 
argument as the proof in case (3). □ 
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§5. Proof of Theorem (II) 

In this section we prove Thoerem(II). We deduce it from the Serre duahty theorem and Lem.(4-1). 
The exact sequence (cf.(2-6)) 

-> Tp(- log2 + P*) ^ logP*) ^ £ ^ 0, 
and (4-2) induce the Koszul exact sequence 

(5-1) ^ r-"*-! ^ E* > "a ^E* ^0. (E = E£(- logP.)) 

Tensoring with C^+i ■jt*0{£), we get the exact sequence where we denote O = Opr. 

(5-2) ^ £-'"+'-+9-1 ^ 7r*0(£) ^ > AS* 7r*C'(£) A A E* 7r*C'(£) ^ 0. 

By (4-2) we have 

AE* ® £'■+9-1 ® 7r*0(£) = E (g) ® 7r*0(d - n - 1 -h £), 

"a ^E* (g) O 7r*C»(f) = C ^Tv*0{d-n-l + e) 
and the map ^ in (5-2) is nothing but j{a) (8) 1. Therefore we have the canonical map 

Bg{d -n-l+£)^ Ker[i/'"(£-'"+'"+9-i (E) 7r*C'(^)) ^ ff'"(E* £-'"+'■+9 ,g, 7r*C'(£))] 

By (4-3) and the Serre duality the right hand side is isomorphic to the dual of 

Coker[iI°(E O £'»-'-9-i 7r*e»(d + e-n-l-e))^ H^{C-'-i ® 'n*0{d + e-n-l- 1))] 

= Bn-r-q{d + e - H - 1 - £). 

Thus we get the canonical maps 

hq{i) : Bq{d -n-l + e)^ Bn-r-q{d + e - n - 1 - £)* , 
h^ie) : Br^-r-q{d + e-n-l-£)^ Bg{d - n - 1 + i)* , 

where h*{i) is the dual of hq{i). In particular we get the trace map 

(5-3) T := /i„-r(d + e-n-l): B„_^(2(d - n - 1) + e) ^ Bo{0)* = k. 

For X G Bq{d — n — 1 + i) and y € Bn-r-q{d + e — n — 1 — i) we let < x,y >G k be the evaluation of 
hq{£){x) at y. This gives us a bilinear pairing 

< , > : Bq{d - n - 1 + i) IS) B^-r-qid + e - n - 1 - i) ^ k; {x,y) x,y > . 

Lemma(5-1). (1) hq{£) coincides with 

hn-r-q{e - i) : Bn-r-q{d + e- n- l-£)^ Bq{d -n-l+ey. 

(2) We have 

< x,y >= T{xy) for x S Bq{d ~ n—l+ £) and y S i?„-r-q(d + e — n — 1 — £), 
where xy e i?„_r(2(d — n — 1) + e) is the multiplication of x and y. 



GENERALIZED JACOBIAN RINGS FOR OPEN COMPLETE INTERSECTIONS 



17 



Proof. The first assertion follows by taking the dual of (5-2) in view of the isomorphism 

( A S* ® ® Tr*0{e))* (g) i^p ~ "^a'^S* ■7r*0{e - I). 

The second assertion follows from the commutative diagram 

I 

0^ <^n*0{d + e-n-l) • • • 

^ AS* (g) £'■+9-1 (g) 7r*0(f) ^ "A^S*(g)£'-+9(g)7r*C»(£) ^0 

i ^ i 

> AS*(g)£'*-i(g7r*C'(d + e-n-l) ^ "a ^S* (g £'^ (g 7r*C'(d + e - n - 1) ^0 

where the cup product with an element of fjO^£n-r-q ^ 7r*0(d + e — n — l—£)) gives the vertical maps. 

Lemma(5-2). Assume s > 1 and ei = ■ ■ ■ = Cg. 

(1) hq {i) is injective under one of the following conditions, 
(i) n — r>q and £ <e. 

(ii) n-r>q> 2^^. 

(2) hq{£) is an isomorphism under one of the following conditions. 
(i) q < n — r and £ < e. 

{ii) < q < n — r. 
(Hi) < £ < e and r + s <n. 

(3) Assuming n — r > 1, t is an isomorphism. 

Proof. By the exact sequence (5-2), hq{£) is surjective if 

(a) if°("^A""s* (g £'-+9-« Tr*0{£)) = for 1 < a < m - 1, 

and is injective if 

(b) H'^C^'y.* £'■+9-6-1 ^ = for 1 < 6 < m - 1. 

To show the injectivity, wc show (b). First we assume (l)(i). By the assumption £ < e and Lcm.(4- 
!)(!)* we may assume r + g — 6— 1>0, namely b < r + q — 1. By the assumption q < n — r this implies 
b < n. Hence Lem.(4-1)(3) completes the proof. Next we show (1)(m). By what we have shown, we may 
assume £ > e. By Lem.(4-l)(l) we may suppose r + q — b — 1 < — .s, namely b>r + s + q — 1. The 
assumption q > "~^+i implies r + s + q — 1 > {m — b) — (r + g — 6 — 1) = n + s — q. Hence Lem.(4-1)(2) 
completes the proof. 

To show that hq{£) is an isomorphism we show (a) and (b). First assume (2)(i). The assertion (b) has 
been shown in this case. To show (a), by Lem.(4-l)(l)* we may assume r + g — a > 0, namely a < r + q. 
By the assumption q < n — r this implies a < n. Hence Lem.(4-1)(3) completes the proof. (2)(m) follows 
from (2)(i) and Lem.(5-l)(l) by replacing q by ri — r — q and £ by e — £. Next assume {2){iii). We 
only show (b). The proof of (a) is similar. By Lem.(4-l)(l), (2), (3) and (1)*, (2)*, (3)*, we have only to 
consider either of the case £ = 0, r + q — b— 1 — and b — n or the case £ = e, r + q — b— l = —s and 
h = r + s — 1. In the former case we have m — b = m~n = r + s — 1 < n. Hence Lem.(4-1)(4) compltes 
the proof. In the latter case we have m — b = m— (r + s — l) = n > r + s. Hence Lem.(4-1)(4)* compltes 
the proof. 

Finally we show (3). By (l)(iz) r is injective. By (l)(i) and Lem.(5-2)(2), r cannot be the zero map. 
Thus r is always an isomorphism. □ 

By Lem.(5-2) Theorem(II)(2) and (3) holds true in case s = 1. The case s > 2 is reduced to the special 
case by the induction on s due to the following lemma(5-3). Let the notation be as §2. We put 

5 S 

S' = S£(-log^Pj) and S = S;j(-logI3^i)' 

j=2 j=2 
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where L = and Pj = Fj n Pi for 2 < j < s. We also define the Jacobian rings 
B'^{£) = Coker(iJ°(E' ® O 7r*C>(£)) ^-^^ ® 7r*0(£))) 

Bg{e) = Cokor(if"(S®Z^"^ 7r*O(€)) 7r*0(£))) 

where a = Pit^i + Sj=2 ^j'^j ^ H^{C). Put d' = d + ei and e' = e — ei = e. 

Lemma(5-3). (1) We have the exact sequence 

B^_i(d' - n - 1 + -t Bq(d - n - 1 + B,(d - n - 1 + ^ 0, 

where p is the reduction modulo Ai G Aq{—ei) and 4> is the multiplication by Ai. 

(2) We have the exact sequence 

where w is the natural projection arising from the natural injection S' c S and tp is the unique map which 
fits into the commutative diagram 

Bn-r-S' - ei) 

_ iP V 

^n—T—qi,^ ^l) ^ -^n—r—qi^ ) 

where 'ij) is the multiplication by G\ S Ao(ei). 

( 3) The following diagram is commutative. 


i 

Bq{d-n-l + l) B„_^_,(d + e-n- 1 -£)* 

i p _ ir 

Bq{d-n-l+i) B„_^_,(d + e-n-l-£)* 

i 


where the horizontal arrows are the duality maps defined before. 

Proof. The exactness of the sequences together with the well-definedncss of ij) is seen immediately from 
the explicit description of the Jacobian rings (cf. Lem.(2-2)). The commutativity of the upper square of 
the diagram in (3) is an easy consequence of the commutative diagram (cf. (5-2)) 

£-"+'■+«- 1(^) ^ S * ® £-'"+'^+9(£) > AS * /:''+«-i(^) ^ A E * ® £''+9(^) 

Hi i \ 

£-™+''+9-i(^) ^ E*(8)£-™+''+9(£) ^ > AE*(8)/:''+9-i(^) ^ A E* (^) 

where we put L{f) = L® 'k*0{£). The vertical maps are the dual of the natural embedding E E'. 
Next we show the commutativity of the lower sqaure. By (5-1) (2) it suffices to show 

(5-3-1) t{x) = T{^ix)) for X G S„_r(2(d - n - 1) + e), 
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where r and r are the trace maps (cf. (5-3)). We consider the following commutative diagram 













T 


T 









T 


Ti' 


Ti 




A £"-'--i(^)0S' 


^ £"-'-i(£)(g)S ^0 




T 


T 


0^ -ei)®E 


^ £"-'-i(£)(g)AE' 


^ £"-''-i(£)(g)AE ^0 


T 


T 


T 



T T T 

T T T 





with i = 2(d — n — 1) + e. Here the vertical exact sequences come from (5-2) and the horiontal exact 
sequences come from the exact sequence 

^ E ^ S' ^ Np^/P 

(coming from the exact sequence — »■ Tp{—logJ2^j=i^j) '^p{~^^s'^j=2^j) ~^ ^Vi/v ~* 0) and the 
isomorphism 

Nr,/r ^ Cp(P) <8> Op, ~ £(-ei) (g) Op,. 
We note that the bottom row is isomorphic to the adjunction sequence 

O^Kp.^Kp® Op(Pi) ^Kp^O 

and the left and right vetical sequences induce the maps 

Coker (ijo (£"-'■- (^T,)^ H°{C~'{())) H"'{¥,Kp) ~ k, 

Coker(ifO(Z""''"\^ - ei) O S) ^ H°(l"'~''{£ - d))) ^ if™-^ (Pi, /<:,,) ~ k, 
which are nothing but the trace maps r and r respectively. On the other hand we note that the map 

a : iJ°(£"-'-i(£) ® E') ir°(£""'"(£ - ei)) 
is surjective. Using this we define the map 

S : H°(C"~"{e - ei)) ^ Coker(if°(£"-'-i(£) (g) E) ^ H° {C"-"- {£))) 

by (5(a;) = /(S) mod lm(j) for a; e H^iT^^i - ei)) and x g ijo (£"-''- 1(^) ® E') with a(x) = It 
is easily seen that 5 coincides with the multiplication by Gi € if°(Opn(ei)). Thus, to show (5-3-1) it 
suffices to prove di{x) ~ d^ifi^x)), where 

dx:H^{t~\l-ex))^H^{Kev{j)) and ^2 : fl'°(£"-''(^)) ^ fl'^(Ker(j)) 
are the boundary maps coming from the exact sequences 

Ker(j) ^ Ker(j') A f~\e - d) -> 0, ^ Ker(j) £"-'^-i(£) (g) E A £""'■(£) -> 0. 
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Take 

an open covering P = Ui£/f7i and {r?Jie/ € ]JiJ°(;7i,/:""''"^(£) (g) S) 

such that j{r]i) = j'{x)\Ui- Putting = x\u. — i{rii), we see rji G H^{Ui,Kev{j')) and a(^i) = Xjj/.. Thus 

fliWiHUi - Vj\u,nu, = ii\UinUj - imnu, e H°{Ui n Uj,KeT{j)) 
is a Cech cocycle representing both di{x) and d2{j'{x)). This completes the proof. □ 

Finally we prove Theoreni(II)(2)(Mi). We reduce it to the case s = 1. For this we consider the diagram 
of Lem.(5-3) in case s = 1 and i = 0. 



i 

B'^_M'-n-l) ^ i?;_(,+i)_(,_i)(d'-n-l)* 
B,(d-n-l) Bn-r-q{d + ei-n-l)* 

ip _ ir 

Bg{d-n-l) Bn-r-g{d-n-l)* 

i 



We want to show h is an isomorphism. By Theorem(I) Bq{d — n — 1) and S„_r_q(d — n — 1) have the 
same dimension. Hence it suffices to show the injctivity of h. First we have the following. 

Claim. Bq{d — n — 1) = if q> n — r >1. 

Proof. By Lcm.(5-2)(2)(Mi), Bq{d — n — 1) = Oifg>n — r> 1. Hence the claim follows from the 
surjectivity of p. □ 

Assume n — r > 1. By Lcm.(5-2) h is an isomorphism so that h is injcctivc if h' is surjcctive. By the 
claim and by the induction on r we are reduced to show the injectivity of h in case n — r = l and g = 1 in 
which case tp* is surjective. For its dual tp '■ Bo{d — n — l) -Bo(d + ei — n — 1) that is the multiplication 
by Gi, is injcctivc since {Fi, . . . , F,-, Gi) is a regular sequence in k[XQ, . . . , Xn]. Since h is an isomorphism 
by Lem.(5-2), the diagram shows that h is surjective so that injective by the reason of dimension. This 
completes the proof of Theorem(n)(2)(Mi) in case n — r > 1. The diagram implies further that h' is an 
isomorphism in case n — r=l and g = 1 so that Theorem(n)(2)(iM) in case n — r = is also proved. □ 

§6. Proof of THEOREM(ir). 

In this section we prove Theorem(n'). First the surjectivity of r]x,z follows from Thoerem(n)(3). As 
for Kei{r]x,z) we first show the following. 

Proposition(6-l). A^"''(Gi, . . . , G«) C KeT{r]x,z)- 

Note that So(d + e - n - 1) = P'^+''-"-^ /{Fi, . ..,Fr) where C k[Xo, . . . , X„] is the subspace of 
homogeneous polynomials of degree £ and {Fi, . . . ,Fr) C P^ is the subspace generated by the multiples 
of Fi. By Thoerem(I) we have the isomorphisms 

Bo{d + e - n - 1) ^ H°{X, fi^-'^(logZ)); A ^ Resx^ =^ pr^^. 

where 

n 

O := '^{-lyXidXo A • • • A rfXi A • • • A dXn, 

i=0 
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and 

Resx : ^^p. (log X^ + Y,)^ ^^^''(log Z) 
is the composite of the residue maps along Fi = F2 = ■ ■ ■ = Fr = 0. 

Definition (6-1). Assume s > n — r + 1. For integers 1 < ji < • • • < jn-r+i < s, we write 
A{n,...,jn-r+i):= 2^ sign{a)— — — — , 



+1 



Lemma(6-1). We have (cf. Def.(l-3)) 

^^^X-^ ^rp; = {-ly^'uJxijl, . . .,Jn-r+l)- 

Lemma(6-2). Write A' = A' (ji, ... Jn^r+i)- Then we have (cf. Def.(l-l)) 

A' in, A'\j e J(£,G) /or 1 < < r, 1 < Vj < s. 

Pr.(6-1) follows from the above lemmas: By Lem.(6-1) it suffices to show 

A'{ji, . . .,jn^r+i) e Ker(Bo(d + e - n - 1) Bn-M " « " I)*)- 

Since /i„_r(0)* is given by the pairing 

Bo{d + e - n - 1) (8> B„_r(d - n - 1) -> B„_r(2(d - n - 1) + e) fc, 
Pr.(6-1) follows from Lem.(6-2). 

Proof of Lem.(6-1) We may suppose ji = 1, . . . , = n — r + 1. We may prove the formula on the 

affine subspace {Xq ^ 0}. Let 

A= y dgn(j) ^^'^ ^'^^ 

For polynomials h\,...,hn € A;[Xo, . . . , X„] write 

J(/ii, . . . ,/i„) = det 

Writing Gj = -Fr+j and ej = dr+j for 1 < j < s, we claim 
(*) X^A = ^(-l)--i(d, • F,) J(i^i, . ..X,..., Fn+i) 

that implies that we have on {Xq ^ 0} 

Pi • • • F„( Vi • • • rv„ -iL^^ f., f 01 «„ 



(9hi 


dhi 


0X1 


■ ■ dX„ 


dhr. 


dh„ 







Fi - •■ FrGi •■ - Gs fl fv fr 9l gn-r+1 

dgn 



n—r+1 



+ Resx y {-iy+^+^e,^A...A^A^A...A^A...A^^Ml^ 

:f-f /l fr gi 5m gn-r+1 
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where fi = Fi/X^' and gj = Gj/X^' . Since the first term vanishes this completes the proof of Lem.(6-1). 
To show the formula (*) we note 



We have 



XqA = ^ sign(cr)X, 



dXQ 

dF, aF„+i 



'dX^iO) dX,{n) 

<Tfct)„+l 

= E (*)+ E (*) + •••+ E w 

<t(0)=0 (t(1)=0 (T(n)=0 

= Y: sign(a)(d, . F, - E^#) • • • • 15^ 

9f^2, dFi dFa dFn+i 



- sign{a)id2-F,-YXi^)- 



^ dXi 9X^(1) 9X^(2) dX^f^n) 



(-1)"+! ^ sign(a)K+i ■ - E^*^) 



+ 



^ dXi 9X^(1) 

n 



v=l 



where 



"+1 

Pi = E(-l)''^' ■ -^(^1' ■ • ■ . • ■ • > ^n+i) = det 





i=l 






dFi 


dFi 




dXi 


dX„ 


dF2 


dF2 


dF2 


dXi 


dXi 


dX„ 




OfI+i 


dFi+i 


dXi 


dXi 


dX„ 



= 0. 



This completes the proof. □ 

Proof of Lem.(6-2) We may suppose ji = 1, . . . ,jn-r+i = n — r + 1. Modulo J{F_,G) we have 

OFj- dG\ OGfi—r+i 



A' \^ ■ t ^ 9F2 



9X^(^0) 9X^(^1) dX^(^r-i) dX„(j.) dX^f^n) 



• Gn-r+2 ■ ■ - Gg 



E. , , dF2 
Sign(cr)(— M2 + --- + 

= - E sign(CT)(-|^^M2 + --- + 



9^2 dGn-r+l 



• G„_r.+2 • • • G, 



<7(0) 



dXcr{0) dX„(^i) dX„(^n) 

dGn-r+l , N dF2 dGn-r+l ^ ^ 
-^n-r+l ) • "^T; • • • r,^ • ^n-r+2 • • • Cts 



The coefficient of /ij (2 < i < r) in the above is 



dX, 



a(0) 



ax,(i) dx. 



(n) 



^ N . / dFi dF2 dGn-r+l „ 
-{Gn-r+2- ■■Gs) 2^ Slgn{G)— — — =0 



dX„(^) dX„f^Y) 



dX, 



Similarly the coefficient of Aj (1 < j < n — r + 1) vanishes. This proves A'/j.^ = mod J{F_,G). The 
rest of the assertion is proven in the same manner. □ 

Due to Pr.(6-1) Th.(ir) now follows from 
(*) dimfc(Ker(77x,z)) = dimfe(ft„_,(0)*) < dim^ A^" (Gi, . . . , G,). 
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Note that by Th.(II)(2), dimfe(/i„_j.(0)*) = Oifs < n ~ r and n — r > 1. Consider the following 
commutative diagram that is the dual of the diagram in Lem.(5-3) 



i 

(6-1) Bo(d + e-n-l) B„_,(d-n-l)* 

i 


where the horizontal maps are surjective by Theorem(II)(3). Combining this with the exact sequence 

Res 

^ Ar''(C?2, . . . , G,) ^ AT'^iGi, . . . , G,) ^ A^7'-nG2, • • • , G,) ^ 0, 

the assertion (*) is reduced by induction on s to the case n — r = 1. Since dim^ A^^ (Gi, . . . , Gg) = s — 1 
as is easily seen, it follows by induction on s from (6-1) and the following. 

Lemma(6-3). Assuming n = r and s >1, dimfeKer(/io(0)*) = 1 where 

ho{0)* : Bo(d + e-n-l) ^Bo(d-n-l)*. 
Proof. We have the following commutative diagram 





(6-2) c,d+e-n-l//p, p ^ ^ R^CH _ n 





..,i^„) 


= i?o(d + e — n — 


1) 


iGl 








5'i+^-"-V(Fi,. 


..,F„) 


= -Bo(d + e — n — 


1) 


i 








5'^+'=-"-V(i^i,... 


5 Fn, Gl) 






i 


















Bo(d-n-l)* 

II 

Bo(d-n-l)* 



The left vertical sequence is exact due to the assumption (1-1) in §1. The induction hypothesis and 
Theorem(II)(2)(M) imply 

r if .s = 1, 
dimfe(/i„-r(0)*) = I ^ if s > 2. 

Thus the lemma follows by induction on s from (6-2) and the following fact that is a consequence of 
Macaulay's theorem (cf. [Do, Th.2.5]) 



dimfc5'»+^-"-V(Fi, . . . , Gl) = I 



1 ifs = l, 
if s > 2 



□ 
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§7. Proof of Theorem (III) 



In this section wc complete the proof of Th.(III).We deduce it from the following. 

Theorem (7-1). Assume s > 1. Let W C Ai(0) is a base point free subspace of codimension c (i.e. for 
any x G P"(C), the evaluation map W C ^i(O) ®Cfii © (BCXj at x is surjective). Then the Koszul 

i 3 

complex 

Bp{i) (8) "a'W ^ Bp+i{i) ^AW^ Bp+2{i) (8> "aV 
is exact if one of the following conditions is satisfied, 
(i) p > 0, q = and (JminP + £ > c. 

(a) P>0,q=l and 5minP + £>1+C and Sminip + 1) + ^ > dmax + c. 

(Hi) p > 0, ^miii('' +p)+£ — d>q + c, £>d — n— 1, ei = -- - = es and either r + s < n + 2 or 
p ^ n — r — 1. 

(iv) p>Q, (5min(?' +p)+£ — d>q + c, d + Cmax ~n—l>£>d — n — l and either r + s <n + 2 or 
p ^ n — r — 1. 

First we deduce Th.(III) from Th.(7-1). Let W := Ker(^i(0) Bi{0)/V). Since W contains J := 
J{X,Z) n ^i(O) (cf. Def.(l-2)), it is a base point free subspace of codimension c. We have the Koszul 

exact sequence 

^ S-{J) ^W(B> S-\J) > "aw ^J^AW^AV^O. 

This complex tensored with -B*(^) induces the following diagram. 

••• ^ Bp(^) (8> ^"a" V (8) ^'(J) ^ ■•• ^ Bp(^)0'aV ^Bp(^)(8'aV ^ 
••• ^ Bp+i{i)<S>''AW (^S'{J) ^ ■■■ ^ Bp+i{£)(E)AW ->Bp+r{l)®AV 
••• ^ Bp+2(£)(8)'"a"V(8>S''(J) ^ ■•• ^ Bp+2{£)®'^~AW ^ (^) (g> ''a V ^ 



where the vertical sequences are the Koszul complexes tensored with S'{J). Since J annihilates Bp{i), 
the diagram is commutative. Therefore to show the exactness of the complex in Th.(III), it suffices to 
show that 

g-2i+l q-2i q-1i-l 

Bp+i{£)® A W ^Bp+i+i{£)® AW ^Bp+i+2{£)® A W 
is exact for Vi > and it follows from Th.(7-1) under the assumptions of Th.(III). □ 

For the proof of Th.(7-1) we recall the regularity of sheaves ([G2]). A coherent sheaf on P" is called 
m- regular if 

W{¥"',J^(g,Op^{m-i)) =0 forVi>0. 

We use the following properties of the regularity of sheaves, whose proof can be found in [G2]. 

(1) If is m-regular, then also (m + l)-regular. 

(2) If and J^' are m-regular and m'-regular respectively, then <S: J^' is {m + m')-regular. 

p 

In particular, if is a m-regular locally free sheaf on P", then AE is (m,p)-regular since it is a direct 
summand of E'^^. Let £ > be an integer, and define a locally free sheaf £^ on a projective space P" by 
the exact sequence 

>E > if°(P", Opn{e)) (8>fe Opn > Ovn{£) > 0. 

P 

Then clearly E is 1-rcgular, therefore AE is p-regular. In [G2], there is a further result: We replace 
H^{Opn(^£)) by F a base point free linear subspace of H'^{Opn{£)) of codimension c and define E' by 

0-^E' -^V(^kOpn OTn{£) 0, 
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P 

then A£" is {p + c)-regular. This argument is applicable not only to Opn {£) but also to any locally free 
sheaf satisfying certain conditions. We will need it later. 

Lemma(7-1). Let M he a locally free sheaf on P" generated by global sections. We assume that Af 
satisfies H'P{J\f{—p)) = for < p < n (e.g. N = £). Let V be a linear subspace of H^{N) of 
codimension c, such that V (8>fe Opn J\f is surjective (i.e. base point free). Define the locally free sheaf 
N by the exact sequence 

— >N — >V(^kOpn — >Af — >0. 

p 

Then AN is {p + c) -regular. 

Now we go back to the proof of Th.(7-1). The following lemma is a generalization of [G2, Th.4.1]. 
Lemma(7-2). Let q > 0, > 0, i integers. Then the Koszul complex 

A^{i) "aV AW ^ A^+2{e) ® ^aV 

is exact if (5min'^ + £ > c + q. 

Proof. We define a locally free sheaf M on P by the exact sequence 
(*) — >M — >W^kOp — >C — ^ 0. 

where the first map comes from the identification H°{F,C) = Ai(0) D W (cf. Lem.(2-2)). Then we 
obtain a Koszul exact sequence 

^ '^A'M '^a'W (»k Op ^ aw (^k c ^ >W®k^'^ ^ -C'+i ^ 0. 

Tensoring with jC' (g) ■K*Opn{i), this gives an acyclic resolution of A M® C ® 'K*Opn{l). By Lem.(2-1) 

H^V.C' ®'K*Opr.{£)) ~ Wir^S^'iS) ® Opr.{£)) = ®W{r,Opr.{a)) for W > v 

with a > f^minJ^' ^minZ^ + ^>c + g'>Oso that it vanishes if i > 0. Therefore the cohomology group 

in Lem.(7-2) is isomorphic to 

H^C^M ® C ®-K*Opr.{£)) 

which we shall prove vanishes. Let tt : P — *■ P" be the projection. We apply tt* to (*) and get the exact 
sequence 

— > w^M — ^W'^kOpn — ^£ — ^ with W' = w^W C if°(P", £). 
The surjectivity of the right map is due to the base point freeness of W. Put A'' = 7r*M. Then by 

i 

Lem.(7-1), AN is (c + i)-regular. On the other hand we have the commutative diagram: 

— > 7r*N — > W®kOp — > 7r*f — >0 

i .9 i= I g' 

— > M — > W(^kOp — > £ — >0. 

where the vertical maps are induced by the adjunction for tt. By the snake lemma, g is injective and 
Coker(5') ~ Ker(5''). By the exact sequence (cf. Lem.(2-1)(3)) 

(**) 0^f2p/pn ^7r*f (8)-C"^ ^Op^O, 

we get KeT{g') ~ Op^p„ (g) £. Hence we have the exact sequence 

— > 7r*A;' — > M — > nLp„ ®C — > 0. 
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which induces the filtration 

^A^M = F° D D • • • D D F<'+'^ = 
such that GrVC^A^M) = F'/F'+'^ ~ 7r*(AiV) fi^^p^^ So it suffices to show that 

fji ^ TT* ( A7V O Opn (^))) = for < < g + 1 

The exact sequence (**) induces the exact sequence 

^ '^a\*£ C-^-' ^ > ''X\*£ ® ^ fi^/p„ ^ 0. 

Therefore it suffices to show that 

(P, C"-^ (8> TT* C^^A^^S ^ AN ^Opn {£))) = for 1 < Vj < r + s - (g + 1 - i) and < Vi < g + 1. 
In case 1 < j < v the above cohomology is isomorphic to 

iJ^(P", S-^-^'C^) (g) '"^ a'^^£ (g) A7V Opn(^)) ~ eiI-''(P", Opn{a) O AA^) 

a 

with a > (5min(i^ — j) + ^min((? +1 — i + j)+i! = <5„iin(z^ + q + 1 — i) + i. Since AiV is (i + c)-regular, this 
vanishes if a+ j > i + c, which holds since 

a+j-i-c> dniiniv + q + l-i)+£ + j- i- c> Smini' + i - (q + c) > 0. 

Next assume > v. liv—j > —r—s, the cohomology vanishes by Lem.(2-1)(2). Hence we only consider 
the case v — j < —r — s, namely j > r + s + p. Since ,? < r + s — (g + 1 — z) by the assumption, we only 

consider the case = 0, j = r+s, i = q+1. Then the cohomology is isomorphic to H Opn(£)(g) A A^). 

9+1 

Since A is (g + 1 + c)-regular and £+1 = (JminJ^ + £+ l>g+l+c, it vanishes. This completes the 
proof of Lem . ( 7- 2 ) . □ 

Now we prove Th.(7-1). Write E = S£(logP*) and put 

Mk,hie) = "^A^'^E* (g) 7r*Op.(£ -d + n+l) and Cfe,^£) = H°{V,Mk,h{e))- 

From the exact sequence (5-1) we obtain the exact sequence 

(7-1) ^ Mp,m+ii£) ^ ^ Mp,i{£) ^ Mp,oii) ^ 0, 

that induces the following complex 

Cp,,n+i{£) ^ > Cp,i{£) ^ Cp,o{£) ^ 0, 

Note that Cokert/i = Bp{i) by Lem. (2-2) and (4-2). We have the following commutative diagram: 

••• ^ Cp,i{£) (^'^A^W Cp,o(^) (^'aV ^ Bp{£)®''^AW 

••• ^ Cp+i,i(£)0AW^ ^ (:7p+i,o(^)0AVF ^ Bp+i(^)0AW^ ^ 
••• ^ Cp+2,i(£)®'aV ^ Cp+2,o(^)0'aV ^ Sp+2(£)®'aV ^ 

By an easy diagram chase, we see that the exactness of 

Bp{i) 'aV ^ Bp+^{£) ®AW^ Bp+2{£) "aV, 
follows from the following. 

(1) Cp+2+a,a+l{£) > Cp+2+a,a{^) ' Cp+2+a,a-l{^) IS CXact foi 1 < Vfl < g - 1. 

(2) Cp+b,b{^) "^"^A W — > Cp+b+i,b{£) V W — ^ Cp+b+2,b{^) A is exact for V6 > 0. 
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Note that (1) holds by trivial reason if g = or g = 1. 

Lemma(7-3). Assume s >1 and ei = • • • = and p>0. (1) holds in either of the following cases 

(i) £>d-n-l and r + s <n + 2. 
(a) £ > d — n — 1 and p ^ n — r — 1. 

Lemma(7-4). Assum,e s >1 and p > 0. (2) holds in either of the following cases 
(i) q = and i5minP + i > c. 

(m) q = I and 5minP + £>l + c and JminCp + 1) + ^ > dmax + c. 
{Hi) Sinin{r +p)+£>d + q + c and £ > d — n — 1. 

Before proving the lemmas, we finish the proof of Th.(7-1). In case (z), {ii) and (Hi) it is a direct 
consequence of Lem.(7-4) and (7-3). The case {iv) is reduced to the case {Hi) by induction on s. For this 
we use the following commutative diagram 



o+l Q q — 1 

B'p_^{e + ei)^ AW ^ B'p{£ + ei)<»AW ^ + d) A W 

Bp(£)(g)'^AV ^ Bp+i{£)(S)AW Bp+2{£)<E>'''AW 

Bp(^)0'aV ^ Bp+i{£)^AW Bp+2{i) ^"a'W 



where the notation is the same as in Lem.(5-3). The exactness of the vertical sequences is a consequence 
of Lem. (5-3) and Th. (II) (Here we use the additional assumption d -|- emax — n—l>£). By the induction 
hypothesis we may assume the upper horizontal sequence is exact. It remains to show the exactness of 
the lower horizontal sequence 

Bp{£) (g) "aV ^ Bp+i{i) ^AW^ Bp+2{£) ^aV 

Letting W = lm{W ^ H°{C)) and / Ker(VK H^{C)), we have the filtration F-{AW) on AT4^ such 

that FYF*+^ ~ (V W) ® (A/). Since / annihilates Bp{£), the above complex is filtered by the above 
filtration and its graded quotients are the complexes 

q+l—i i q—i i q—i—1 i 

Bp{£)® A W ® Al ^ Bp+-i{l)® AW ® Al ^ Bp+2{£)® A W ® Al for < i < 

These are exact by the induction hypothesis and this completes the proof. □ 
Proof of Lem. (7-3). The exact sequence (7-1) induces a spectral sequence 

i?f - HP{Mk,^+i-a{£)) =^ H''+^ = 0. 

We want to show that '° = in case: 

(*) p + '3<k<p + q + l and k — {m + 1 — a) = p + 2 {^=^ a=p — k + m + 3). 
Since = 0, in order to show ii^^'^ — 0, it suffices to show that 

^a-h-l,h ^ H^^Mk,m+2+h-a{i)) = for V/l > 1. 

In case (*), putting ^' = ^ — d-|-n-|-lwe have 

1 L , rn+2+p-(h+k) , , , , 

j^a-h-i,h ^ H>'^Mk,k-p+h-i{£)) = H^{ A S* ® rf+'-^+i ® 7r*Opn(f )). 
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We want to show that it vanishes assuming k > p + 3 and h > 1. We may suppose h + k<m + 2+p 

which imphcs h < m — I. 

Case p + r — h + l<—s 

We have m — l>h>p + r + s + l>r + s. The desired vanishing follows from Lem(4-1)(3)*. 

Case p + r — h + 1 > — s + 1 

By the assumption i' > and by Lem(4-l)(l) and (3), we have only to check the case h=p + r + l = Ti 

n-\-s — k 

and i' = so that we are concerned with the vanishing of A S*). By Lem.(4-1)(4) this vanishies 

ifn + s — k<n-^s<k. Since k>p + 3 = n — r + 2, this holds if r + s < n + 2. 

This completes the proof of Lem.(7-3). □ 

Proof of Lem.(7-4)- By (4-2) we have 

(*) Cp.n=H"{CP(g)TT*Or^{e)) = Ap{e) and Cp,i = ® S ® tt*©,. (^)). 

Thus, Lem.(7-4) in case {i) follows from Lem.(7-2). In case {ii) we need show the exactness of 

Cp.oW (3AW^ Cp+ifiie) Cp+2,o{i) 

and the surjectivity of Cp+i^i{£) W — > Cp+2,i(^)- By (*) the first assertion follows from Lem.(7-2). 
To show the second assertion we recall the exact sequences 

^ Op ^ S£(-logP.) ^ Tp(-logP,) ^ 0, 

-> rp/p„(-logP,) ^ Tp(-logP,) ^ 7r*Tp. ^ 0, 
^ Op ^ TT*£S ® £ ® O®' ^ Tp/p„ (- logP,) ^ 0, 
^ C)p„ C>p„(l)®"+i ^ Tp,^ 0. 
Noting H^{£'^ (g) 7r*C'pn(£)) = for Vi^ > 0, the assertion follows from the surjectivity of 

which is a consequence of Lem.(7-2) under the assumption of (ii). 

Finally we show Lem.(7-4) in case (iii). We denote f2p(logP*) by f2 simply. We want to show that 

is exact for < V6 < where £' = £ — d + n+1. If)i>0 and ^' > 0, the following exact sequence 
^ Q- (g) (g) 7r*0pn(^') ^ AE* (g) 7r*e»pn(^') ^ fl-^ (g) 7r*Opn(^') ^ 

remains exact after taking H'^{ ) since H^{C^ (g) f^- (g 7r*Op»(£')) = 0, which we can see from the proof 
of Lem.(4-1) (cf. Claim below (4-7)). Thus it suffices to show that the following sequence is exact for all 
t, b such that m — b<t<m — b + 1 and <b < q: 

H°{Q* (g) jC'+p (g> 7r*0pn {£')) '"^a" V 

ff°(n* (g, 7r*C'p.(f )) "aV 

^ i?°(fl* £'-+P+2 (g 7r*Op.(£')) ® '^~a" V. 
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By (4-5), there is a filtration F' of O* such that 

Gr^(0*) = 7r*n^„ (g) (*©"[A7r*£:o ® 



i=0 



where runs over 0<u<nandO<i< mm{t - u,r}. Since iJ^ O Grp,0* (g) 7r*Opn(f )) = 
for jj > and i' > 0, it suSices to show that 



q-& 



^o^^r+p-i+i ^ ^*^^«^ ^ A£:o(^')) <^ A 



9-1-6 



is exact for V6, m, i such that < 

Finally, by the exact sequence 

^ Opn(-n - 1) ^ Opn(-n)®"+^ ^ • • • 
we can reduce the assertion to show that 

jjo^^r+p-i+j ^ 7r*(A£:o(^' - w - i - 1)) <8) "^^/y'^w 



^ifO(£''+P-*+2(8>7r*(f2^ni8)Afo(^'))® A W. 

' < 6 < g 
< « < n 

< i < min{f — u, r} 



Orn{-u - ^ f2^„ ^ 0, 



q-b-j 



^ 7r*(A5o(^' - M - i - 1)) A V 



iI°(£''+f-'+^+2(g)7r*(A£:o(^'-M-j-l))(8)'' V 



is exact for V6, u, i, j such that < 



f < & < g 
< M < n 

< i < niin{f — u, r} 
. < j < n — u 



Let Si be the minimal degree of line bundles which are direct summands of ASq. Then by Lem.(7-2), the 
above holds if p > and 

Smin{r +p-i + j) + {e' + S,-u-j-l)>q-b-j + c 

for \fb,u,i, j as above. By noting di > (5min*, it is easy to see that this holds under the assumption 
Sminir + p) + i — d > q + c. This completes the proof. □ 



§8. Infinitesimal Torelli for open complete intersections 

Let the notation and the assumption bo as in Dcf.(l-2). The main result in this section is the infini- 
tesimal Torelli for the pair {X, Z), which concerns the injectivity of the following map 

: H\X,Tx{-logZ))^}iom{H"-^-"{X,i}''^{logZ)),H"—''+\X,^l''-\\ogZ))) 

where 1 < q < n — r and (log Z) is the sheaf of algebraic differential g-forms on X with logarithmic 
poles along Z and Tx(— logZ) is the O^-dual of n\{logZ). The above map is induced by the cup 
product and the contraction r2^(logZ') ig)Tx(— logZ) ^ r2^^(log2'). 
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Theorem(8-l). Assume ^min('^ — r — q)+d + e>n— 1 and (5min(9 — 1) + d > n — 1. Then dp\ ^ 

injective. 

Proof. By noting O^"*" ~ Ox{'d — n—1), the dual of dpx,z identified with the map 

H^'-^-^X, Q«,(logZ))®i/"-''-«+i(X,Q«,-'(logZ))* ^/f"-''-i(X,fi^(logZ)®0;c(d-n-l)). 

By Th.(I) and Th.(II) in §1 it is identified with the multiplication of Jacobian rings 

Bn-r-q{d + 6 - n - 1) (g) -Bg-i(d - Ti - 1) ^ B„_r_i(2(d - n - 1) + e). 

By definition the condition of Th.(8-1) implies that every (bi)homogeneous polynomial appearing in the 
Jacobian rings on the left hand side has a non-negative degree. Hence the above map is surjective under 
the assumption. □ 

§9. Explicit bound for Nori's connectivity 

In this section we deduce Th.(O-l) from Th.(9-1) and Th.(9-3), the symmetrizer lemmas for open 
complete intersections. Let the assumption be as in §1. We fix a non-singular algebraic variety S over k 
and the following schemes over S 

(9-1) F'^^X ^Z= U Zj 

l<j<s 

whose fibers are as in Def.(l-2). Let f : X ^ S he the natural morphism and write U = X \ Z. For 
integers p, q we introduce the following sheaf on S^ar 

i^f■«(^Y/5) = i?«^^^^/s(log^), 

P 

where O^yg(logZ) = Afl]^. ^ g{\og Z) with Q]^, ^g(\og Z), the sheaf of relative diflferentials on X over S 
with logarithmic poles along Z. We assume .s > L Then the Lefschetz theory implies HP'''{U/S) = if 
p + q ^ n — r. Weconsider the following Koszul complex 

(9 - 2) nf^ 0o H''+^'''-^{u/s) X n% ®o H''+^'''-\u/s) X ni+^ 00 h'''\u/s). 

Here V is induced by the Kodaira-Spencer map 

i^{x,z) ■■ Os ^ R^f*Tx/s{- log Z), 
with 9s = Homos{^s,^s) and Tx/s{—logZ) = Homoxi^x/si^^S.^)'^'^)^ ^^'^ '^^P 
R'UTx/s{-logZ)^R''-'Un''+/s{\ogZ) ^ R''f,n'},/s{logZ) 

induced by the cup product and T^/si^ log-Z) (x) $l^"^^(log2) n°^^g(logZ), the contraction. 

Theorem(9-l). Let c = cs{X,Z) be as in Def.(9-1) below and assume n — r>2. Assume also that (*) 
either a < n — r — 1 or r + s < n. Then the complex (9-2) with a + b = n — r is exact under one of the 

following conditions 

(i) a > 0, q = and SaiinO + d>c + n + l. 

(m) a > 0, q = 1 and SminO + d>c + n + 2 and (5,nin(a + l) + d>c + n+ l + dmax- 

(Hi) a > 0, 5^in{r + a) > q + c + n + 1 and r + s < n + 2. 

(iv) a > 0, 5niin{r + a) >g + c + n + l and a < n — r — ^. 
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Definition(9-l). For x&SletUxC D denote the fibers of the family (9-1) and let 

: T^S ^ H\Xx,TxA-^ogZ^)) [resp. : Bi(0) ^ Tx, (- log Z,))) 

he the Kodaira-Spencer map (resp. the map in Th.(I)(2) for {X^, Z^)). We define 
cs{X,Z) = m|x{dinife(Im(V'(x.,zj)/Im(V'(x«,zj) nlm(4°s))}. 

If n — r>2 and X^ is not a K3 surface, i^i^x^,z^) is surjective so that 

cs{X,Z) = m|x{dimfc(a,)(Coker(K;(A',2)) ®Os k{x))}- 

Now we prove Th.(9-1). We fix G 5 and let X D Z be the fiber over of A" D Z. By Tli.(I) and (II) 
the assumption (*) implies that the dual of the fiber over of the complex (9-2) is identified with 

(**) B„(4)^^aVo5-^B„+i(4)® Aro5-^B„+2(4)®'AVo5 (4:=d-n-l) 

where {£) denotes the Jacobian ring for {X, Z) and the maps are induced by the composite map 

p : ToS^H\X,Tx{-logZ)Ug-^^B,{0) (cf. Th.(I)) 
and the multiplication on the Jacobian rings. Let V = lm{p) C -Bi(O) and K = Ker(p). By definition V 

q q 

is of codimension< c in -Bi(O). We have the filtration (Arcs') C ATqS such that 

F'''{ATnS)/F"-\ATnS) ^ Ai^ (g) Vv. 

The filtration induces a filtration of the complex (**) so that it suffices to show the exactness of (**) 
with TqS replaced by V. Then it follows from Th.(III). □ 

Theorem(9-2). Let c = cs{X, Z) be as in Def.(9-1). Assume n — r > 2 and that S is affine. Then 

H'' {X, fl^x / ^{log Z)) = ifs<n-r + 2, b<n-r-l, 5n,in{n - 1 - b) > a + b + 1 + r + c, 

where ^'■^^i^{\ogZ) is the sheaf of differential forms of X over k with logarithmic poles along Z. 
Proof. Filter f2^y^(logZ) by the subsheaves 

Fjf^^/,(log2) = lm{f*nl ^ fir/fc(log2) - ^x/ki^ogZ)) 

so that 

Gr^j.^il"^ /kilogZ) = f*nl ^ n%-UlogZ). 
The filtration gives rise to the spectral sequence 

Er = m+P{Gr%fl%,/^{logZ)) = 0| ® H-^'^+^U/S) if«+P(Af, f2^/fe(log2)). 

By the LcfHchetz theory El"^^'' = unless a + b — q = n — rin which case Fl'*"' is computed as the 
cohomology of the complex (9-2). Th.(9-1) implies that E^'^~'' = Oifs<n — r + 2 and a — q — 1 > 
and Smin{r + a — q — 1) > q + c + n + 1, which is in case a + b — q = n — r equivalent to the assumption 
ofTh.(9-2). □ 

Now the first vanishing of Th.(O-l) is an easy consequence of Th.(9-2) since the vanishing of F^H*{U, C) 
is reduced to that ofm\X,n%^.^{\ogZ)) by [Dl, Pr.3.1.8]. 
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In order to show the second vanishing of Th.(O-l) we consider the family (9-1) assuming s = 1. For 
integers a, b we write Hq^^{U/S) = where ^l'^^ 2)/s defined by the exact sequence 

— > ^'(^x,z)/s ~* ^x/s ~^ **^2/s ~^ 0- 
By the Lefschetz theory and the Serrc duality 

H^%U/S) =0 if a + 6 ^ n - r and H^'^^{U/S) = H'''" {U / S)* . 
We consider the complex 

(9 - 3) nl-^ ®o W^^^l^^-^iUlS) X ^% ®o H''o^^^^''-\ulS) X ®o H^d'ci^^/S) 

where the maps arc induced by the Gauss-Manin connection. By the same argument as the proof of 
Th.(9-1) we can show the following. 

Theorem(9-3). Assume n — r > 2 and s = 1 and write e = ei. Let c = cs{X,Z) be as in Def.(9-1). 
The complex (9-3) with a + b = n — r is exact under one of the following conditions 

(«) a > 0, q — and (5„iinn + d + e>c + n+ l. 

(m) a > 0, q = 1 and 5min« -|-d-|-e>c-|-n + 2 and 5min(a +l) + d + e>c + n+ l+ dmax- 
(Hi) a > 0, dinin{r + a) + e>q + c + n + l. 

Theorem(9-4). Let c = cs{X,Z) be as in Def.(9-1). Assume n — r>2 and that S is affine. Then 

H^{X,fl'(^;^,2)/k)=0 ifb<n-r-l and 6min{n - 1 - b) + e > a + b+ 1 + r + c 

where fl^'^ ^yf, is defined by the exact sequence fi"^ 2)//c ~* ^x/k ~^ ''■*^z/k ~^ ^■ 
Proof. Filter by the subsheaves 

so that 

Grp^^^x,z)/k = ® ^'{x%)/s- 
The rest of the argument is the same as the proof of Th.(9-2). □ 

As is shown in [N], the vanishing of F^H*{X,Z,C) is reduced to that of IHI*(A', z)/c)- Thus the 
second vanishing of Th.(O-l) is an easy consequence of Th.(9-4). 
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